Exploiting the strict analogy between the motion of strings and extended-like spinning particles, we propose an original kinematical formulation of the spin of bosonic strings and give, for the first time, an analytical derivation of an explicit expression of the string spin vector.
Proper-time equation of motion for a bosonic string
By requiring the reparametrization and conformal invariances, the Polyakov Lagrangian describing the free motion of a bosonic string can be written in the conformal gauge [1, 2, 3, 4, 5] (ẋ ≡ ∂x/∂τ , x ′ ≡ ∂x/∂σ)
where the position x(τ, σ) at the proper time τ is parameterized by σ. We have M ≡ LT , where L ≡ 2π/ω 0 and T are the string "length" and the string tension, respectively * . The Euler-Lagrange equation is (µ = 0, 1, 2, . . . , N , where N is the dimension of the embedding space)ẍ
Considering a closed string † we have to require the following boundary condition
where P µ = ∂L ∂v µ = M v µ is the canonical momentum conjugate to x µ . As a consequence we obtain for a µ , a µ standard harmonic oscillator commutators 
Differentiating Eq. (4) with respect to τ we get the expression of the velocity 
With respect to the variable τ the velocity is periodic with period T = 2π ω 0 : then we have ∀τ ,
Expanding in Taylor series (the notation (n) indicates the n−th τ −derivative)
and then
By introducing, for convenience, coefficients k n defined as
we can re-write eq. (8) as follows
Time-integrating both sides of the above equation we get
which, being k 0 = M for (9), can be re-written as
By comparison between Eqs. (12) and (7) we infer that the constant is just the mean momentum p µ . On the other hand inserting the expression of the velocity given by (7) in the above equation and exploiting definition (9), we get, after some algebra, just constant=p µ : So that we finally get a "proper-time equation of motion" for a bosonic string in the form
For various applications in Section 3, let us introduce the dimensionless coefficients k n defined as follows
Exploiting the explicit expression of k n we have for
Differentiating side by side the previous equation we get
We have also
holding for any positive integer m: this relation can be obtained taking
2 Non-Newtonian mechanics: a short review
In recent papers [6] we proposed and developed a classical symplectic theory for extendedlike ‡ microsystems accounting for spin and Zitterbewegung. The classical motion of spinning particles was therein described without recourse to particular models or special formalisms, and without employing Grassmann variables, Clifford algebras, or classical spinors, but simply by generalizing the standard spinless theory. It was only assumed the invariance with respect to the Poincaré group; and only requiring the conservation of the linear and angular momenta we derived the Zitterbewegung and the other kinematical properties and motion constraints. Newtonian Mechanics is re-obtained as a particular case of that theory: namely for spinless systems with no Zitterbewegung. We started with a Poincaré-invariant Lagrangian which generalizes the Newtonian Lagrangian
by means of proper-time derivatives of the velocity up to the N -th order (we take the scalar potential U = 0 considering only free particles)
where the k N n are scalar coefficients analogous to the k N n introduced in Section 1. The coefficients k i -which may be chosen equal to zero for i larger than a given integermight be fixed by the self-interaction of the particle, and are often functions of mass and charge. Let us recall, for comparison, the infinite-terms equation of the self-radiating classical electron, Caldirola's "chronon" theory of the electron [10] , the so-called "dressed particles" described in [11] . In other theoretical frameworks, the coefficients k i can be related to the underlying geometrical structure of spinning-particles or strings (or D-branes). Some authors [12, 13, 14] have proposed classical actions, describing "rigid particles" and "rigid strings", in which appear additional terms dependent on the so-called "extrinsic curvature", that is, on the 4-acceleration squared. Classical equations of the motion for a rigid particle or for a rigid n−dimensional worldsheet, either in flat or curved background spacetimes, have been derived from Lagrangians containing also terms dependent on higher derivatives of the 4-velocity ("torsion"-terms, etc.). In [15] the equations of motion are reformulated in terms of the principal wordline curvatures which turn out to be motion integrals, namely mass and spin. Another interesting result in [15] is the emergence of a particle maximal proper acceleration: which constitutes an example of a consistent relativistic dynamics obeying the principle of a superiorly limited value of the acceleration, recently advanced. In a sense most of the above-mentioned models -we refer to those approaches where the time parameter, i.e., the proper time, is just the time in the center-ofmass frame-are particular cases of the present theory: As a matter of fact we do not choose a particular (internal) geometry or kinematics, but include a priori time derivatives of any order, leaving the structure-coefficients k i not fixed.
Coming back to (17), the Euler-Lagrange equation of motion
The term extended-like refers to spinning systems which, even if not "materially" extended as strings, nevertheless are something halfway between a point and a rotating rigid body (as, e.g., a top). In fact the center of mass and the center of charge are distinct points, velocity and momentum are not parallel, and we observe an internal microscopic motion besides the macroscopic external one (the so-called "Zitterbewegung" [7, 8, 9] ).
gives a constant-coefficients N -th order differential equation, which appears as a generalization of Newton's Law F = M a, in which non-Newtonian Zitterbewegung terms appear (having assumed U = 0, here obviously F = 0):
The zero-th order canonical momentum
This equation coincides with the proper time equation of motion for a bosonic string Eq. (13). By satisfying the symmetry of the Lagrangian under 4-rotations, which implies the conservation of the total angular momentum, the classical spin can be unequivocally defined employing only classical kinematical quantities: Through the Nöther Theorem we derived the spin tensor and the spin vector, respectively
As an example let us take N = 4. We have
The spin is
thus, after differentiating and simplifying, 
[this definition contains also the l = 0 case, Eq. (20)]. Employing the high order momenta the spin vector (22) can be expressed also in a canonical way:
analogous to the orbital angular momentum l = x × p [0] . The conserved scalar Hamiltonian, obtained imposing the τ -reparametrization invariance of the Lagrangian, is
It can be also shown that a couple of Hamilton equationṡ
holds for any couple of canonical variables x
, and that the set of the Hamilton equations is globally equivalent to the Euler-Lagrange equation (19).
String motion constants
Let us turn back to bosonic strings. For a free spinning microsystem the angular momentum, defined as the sum of the orbital angular momentum x µ p ν − x ν p µ and of the intrinsic angular momentum, conservesJ µν =L µν +Ṡ µν = 0 .
Since the momentum is constant,ṗ µ = 0, we getL µν = v µ p ν − v ν p µ : therefore we obtaiṅ
As a consequence, the equation of the motion for the spin 3-vector writes
and in the center-of-mass frame where p = 0 we have, as expected, a constant spin, . s = 0. Besides the trivial choice s = −L = p × x, the only vector s(τ ; σ) which can be builted up with the quantities at our disposal (that is x and its derivatives) and satisfies (31) has the same formal expression (22) for the spin of an extended-like particle
This statement can be immediately realized taking into account that both the bosonic string and the extended-like particle obey the same proper time equation of motion, Eq. (13), provided that coefficients k n be defined according to Eq. (9). Alternatively we can start time-differentiating side by side the previous equation
In the above sum the first two terms mutually cancel, the third one is identically zero; the only contribute comes from the last term:
Then, because of (13), we have
By quite analogous arguments it can be proved that, not only for extended-like particles, but also for bosonic strings, the quantity appearing in Eq. (27)
is the only 4-scalar integral of motion which can be builted trough the quantities at our disposal (p, x and its derivatives). Therefore, for any solution (7) it iṡ
For a bosonic string, because of Eqs. (9), (32), (33), we have the following expressions for the spin and E, respectively:
Let us choose the center-of-mass frame (p = 0) as reference frame, and insert the solution (7) with p = 0 in (32). After some algebra we are able to represent the (τ −constant in the center-of-mass frame) spin vector in terms of operators (5) s
which, accounting for (15), reduces to
(37) Thus the spin averaged over a closed string results to be
which agrees with the usual expression (not explicitly derived but only postulated) in standard string theory.
Finally, inserting (7) in (33), after σ−integration we get
or, exploiting (16) and (15),
Taking into account that M = 2πT /ω 0 we can put the above equation in the form
where we see that the quantum (due to the "internal" string motion) contribution to E grows in modulus with the tension for mass unity T /M .
The conserved quantity E(σ) given by (36) can be put in comparison with the non-conserved § Hamiltonian density found in the literature on bosonic string [1, 2, 3, 4, 5] H(τ ; σ) = P µẋ
which anyhow, taking the string-average, gives back just Eq. (40) (which is conserved):
Conclusions
In this paper we have analytically derived the spin vector of bosonic strings obtaining an explicit kinematical formulation of the intrinsic angular momentum through a sum over all string modes. We have exploited the common non-local character of strings and spinning extended-like particles. Actually one of the novelties of the present approach is describing a bosonic string trough infinite time derivatives: the spin of the string arises as angular momentum of such a mechanical system in the center-of-mass frame. The present derivation of the bosonic string spin through a Fourier expansion as in (38), or in a pure kinematical form as in (32), is, as far as we know, original and unpublished in the literature on strings.
